Chemo-mechanical coupled systems have been a subject of interest for many decades now. Previous attempts to solve such models have mainly focused on elastic materials without taking into account the plastic deformation beyond yield, thus causing inaccuracies in failure calculations. This paper aims to study the effect of stress-diffusion interactions in an elastoplastic material using a coupled chemo-mechanical system. The induced stress is dependent on the local concentration in a one way coupled system, and vice versa in a two way coupled system. The time-dependent transient coupled system is solved using a finite element formulation in an open-source finite element solver FEn-iCS. This paper attempts to computationally study the interaction of deformation and diffusion and its effect on the localization of plastic strain. We investigate the role of geometric discontinuities in scenarios involving diffusing species, namely, a plate with a notch/hole/void and particle with a void/hole/core. We also study the effect of stress concentrations and plastic yielding on the diffusiondeformation. The developed code can be from https://github.com/mrupeshkumar/Elastoplasticstress-diffusion-coupling
Introduction
Diffusive species migration, such as hydrogen in steel [1] , lithium in Lithium-Ion batteries (LIBs) [2] , chlorine in cement [3] to name a few, cause local expansion/contraction of the materials leading to the localized chemical strains in the material. If the appropriate deformation of the solid does not accommodate these localized chemical strains, stresses referred to as diffusion-induced stress (DIS) [4] are induced. In addition to this, the localized stresses act as a driving force for the species diffusion in the materials, which is commonly referred to as stress-induced diffusion (SID) [5] . Therefore, there is a strong coupling between the diffusion and mechanics of the material, i.e., diffusion arXiv:2001.04818v1 [cs.CE] 11 Jan 2020 of the species causes the localized stresses, and the localized stresses also influence the diffusion of the species and vice-versa. The response of the stress-diffusion interactions can be investigated in two aspects as:
• one-way coupling: where the gradient of concentration affects the deformation field, but the localized stress state does not influence the evolution of concentration,
• two-way coupling: in addition to the influence of the gradient of local hydrostatic stress on concentration and the localized concentration also influences the localized stress state.
The presence of diffusion species, either as an external gas or resulting from electrochemical reactions leads to the severe degradation in the material properties and failure of the material [6, 7, 8, 9] . Frailure due to these multi-physical phenomenon (stress-diffusion interactions [10] ) shares a major portion of material failures, viz., chloride diffusion in civil structures [3, 11, 12] , hydrogen diffusion in steels [1, 13, 14, 15, 16, 17, 18, 19] , aluminum [20] and NiTi alloys [21, 22, 23] , bacteria diffusion in biofilms [24, 25, 26] , Li diffusion in LIBs [9, 8, 27, 28] .
A number of frameworks for diffusion induced deformation and fracture have been proposed assuming an elastic medium [29, 30, 31, 32, 33, 34, 35, 36, 37] and taking thermal analogy to model stress-diffusion interactions [38, 39, 40] . In the design of the system where these interactions involve, the radius and the aspect ratio of the particle plays a crucial role in the concentration as well as the fracture behavior [38, 27] . Furthermore, the fully coupled stressdiffusion interactions and the higher-order terms in the chemical potential also affects the concentration and the stress profile [41] . The geometrical, as well as the material discontinuities present in the system, also play a critical role [42, 40] . However, the assumption of an elastic medium may lead to inaccuracies in failure calculations beyond the elastic regime.
Study of failure of metallic specimens containing stress concentrations such as notches and sharp cracks showed that failure happened with restriction of a plastic zone to very near the fracture surface [43, 44, 45, 46] . The hydrogen diffusion induced localized plasticity models [47, 48, 49, 50, 51, 52] were able to show increased dislocation mobility in the presence of hydrogen diffusion, causing embrittlement. In-situ studies by Sethuraman et. al., [53] have shown that the stress exceeds yield strength during large deformation of silicon electrodes due to lithium insertion accompanied by plastic deformation. The plastic deformation helps maintain good performance and capacity during cyclic operation by reducing stress buildup [54] . Sethuraman et. al., [53] experimentally found the evolution of flow stress induced by lithiation and found a strong hysteresis which showed plastic deformation of the electrode. Motivated by these observations continuum theories [55, 56, 57, 58] have shown diffusion induced stress due to elastic-plastic deformation of the electrode material.
However, the effect of the plasticity on the one way and fully coupled stress diffusion interaction in the presence of the geometric discontinuities are still unclear. In this work, we numerically investigate the role of plasticity in one-way and two-way coupled stress-diffusion interactions. The investigation is performed for the general case of the stressdiffusion interaction framework. Hence, we have performed studies on hydrogen diffusion in steel as well as lithium diffusion in graphite anode particle.
The manuscript is structured as follows: Section 2 presents governing equations for the coupled stress-diffusion interaction in an elastoplastic medium and the numerical implementation details in an open-source finite element package FEniCS. Section 3 describes the boundary value problem. Section 4 presents the results and discussions pertaining to the chosen boundary value problem. The major conclusions are discussed in the last section.
Numerical formulation
In the present study we make use of a continuum model to describe the coupled diffusion deformation. We make an approximation that the diffusion in the medium and the subsequent expansion/contraction is isotropic. Consider an elasto-plastic homogeneous isotropic body occupying an open domain β ⊂ R 2 and bounded by a surface Γ with unit outward normal n. Let u : β → R 2 be the displacement field at any point x of the body when the body is subjected to external tractions T : Γ t → R 2 and body forces b : β → R 2 and c : β → R 2 be the concentration field at a point x when the body is subjected to external flux J : Γ J → R 2 . The boundary is assumed to admit the following decompositions:
• For the elastic-plastic problem: Γ = Γ u ∪ Γ t and ∅ = Γ u ∩ Γ t , where Γ u is the Dirichlet boundary and Γ t is the Neumann boundary and
• For the concentration problem: Γ = Γ c ∪ Γ J and ∅ = Γ u ∩ Γ t , where Γ c is the Dirichlet boundary and Γ J is the Neumann boundary
The chemo-mechanical problem now simplifies to two independent variables: displacements and concentration.The boundary value problem for the coupled diffusion-deformation model in the absence of body force and the source term then becomes: find u : β ⊂ R d and c : β ⊂ R d .
The diffusion of the species can be defined by:
and the mechanics of the elasto-plastic domain can be defined b:
subject to the following boundary conditions:
where σ is the Cauchy stress tensor and J is the flux. The thermal analogy from previous studies is used to find the influence of concentration on the stress field as:
and the flux J is related to the concentration and stresses by:
where C is the constitutive matrix for an linear isotropic material, ε is the total infinitesimal strain, ε p is the plastic strain, c 0 is the initial or the reference concentration, Ω is the partial molar volume, D is the diffusion coefficient, R is the universal gas constant, T is the absolute temperature and σ h = 1 3 σ ii is the hydrostatic stress.
Continuum mechanics modelling
In case of a coupled chemo-mechanical system the total strain incrementε can be decomposed additively. Following a small strain assumption proposed by Zhao et. al., [57] the decomposition of the strain increment can be written as,
where dε e , dε c , dε p are the increment in elastic strain, diffusional strain and plastic strain respectively. The straindisplacement relationship gives,
In case of diffusion induced stress there is an additional strain due to concentration. In case of general isotropic continuum material this is written as a dilational strain rate,
Since the material is elastically isotropic,σ = C e :ε e = C e : (ε −ε p −ε c )
The isotropic J 2 -flow rule gives the yield condition as,
where σ e = 3 2 S : S is the equivalent stress, and σ y is the yield stress, S is the deviatoric stress. The associated flow rule gives the plastic strain rate as,ε
whereλ is the loading parameter is found using the consistency conditionḟ = 0.
The consistency condition is written as:ḟ
From the plastic flow rule, we getε p = 9 4
where ∂σy ∂ε p e = H is the hardening constant for linear hardening. For numerical simplicity in the context of this paper we have implemented linear isotropic and kinematic hardening to study the evolution of plastic strain fields. For small range of plastic strains it is a reasonable assumption because the focus of this paper is mainly towards studying the influence of plastic strain in SID in the presence of geometric discontinuities. Appendix B contains the detailed derivation for the Kinematic hardening model used for numerical studies in this paper.
Weak form and finite element implementation
Consider U and C are the displacement and the concentration trial spaces and V andP are the displacement and the concentration test spaces:
where the space W (Ω) includes linear displacement fields and concentration field. Upon applying the standard Galerkin procedure, the corresponding weak formulation of Equation (1a) and Equation (1b) is to find u ∈ U and c ∈ C such that ∀v ∈ V and ∀p ∈ P:
where
For the temporal discretization, we partition the time interval of interest τ into n step sub-intervals and focus on typical time slab [t i , t i+1 ]. To approximate the time derivative of concentration c, we apply a first order finite difference scheme as,
, where ∆t = t i+1 − t i > 0 is the current time increment. We employed the backward Euler time integration scheme and evaluate the discrete set of governing equations at current time step t i+1 .
FEniCS [59] is a very powerful finite element package which translates the weak form of the coupled differential equations into the corresponding finite element solution. The total residual from F used in the FEniCS is given as,
The Newton raphson scheme in the FEniCS can be called as, solve(F==0, w, bcs), where w is the solution space and bcs are the boundary conditions. Algorithm 1, shows the solution procedure followed in the numerical analysis.
Update strain ratesε i ,ε c i using backward Euler scheme if Yield condition satisfied, f ≥ 0 then Update plastic strain rateε p i end Update corresponding stress rate,σ i and stress field, σ i using backward Euler scheme. Solve for F = 0 using Newton raphson scheme for displacement and concentration fields, We analyse two boundary value problems in this study:
• a plane strain domain with a circular hole of radius r as shown in Figure 1a . The effects of plasticity and singularity on stress-diffusion interactions is investigated. The radius of the hole r has been varied in order to vary the singularity level on the boundary of the hole. The initial or the reference concentration, c 0 is assumed to be zero. The initial and the boundary conditions for the system are ∀ t > 0, u x (−L/2, y, t) = 0, u y (−L/2, 0, t) = 0, u x (L/2, y, t) =ū(t), c(−L/2, y, t) = 1.
• a plane strain cylindrical domain of outer radius r o and inner radius r i , see Figure 1b . The initial concentration c o is assumed to be zero and outer boundary is subjected to constant Flux J. The material parameters used for both the boundary value problem is tabulated in the Table 1 , which corresponds to the Li in the graphite system [60] .
Results and Discussions
In this section, the results pertaining to the interactions between stress and concentration will be presented. We analyse problems with increasing complexities. first, we start with (Section 4.1) the analysis of the two-dimensional diffusion in pure elastic medium and validation with the analytical solution. Then we validate the current implementation (oneway coupled elasto-plastic simulation) with the commercial available finite element package Abaqus [61] and analyzed the effect of two-way coupling. The effect of plastic yielding on the stress-diffusion interaction will be discussed in the Section 4.2. The effect of one-way and two-way for the particle model with and without the plasticity for applied flux is investigated in the Section 4.3.
Implementation validation with the analytical model and the effect of plasticity
The implemented model is validated with the analytical solution available for the pure diffusion. The analytical solution for a circular hole of radius a in an infinite body under plane deformation and tensile forces p, the hydrostatic stresses in polar coordinates (r, β) are given by [51] :
and the concentration is given by:
is the Lambert function.
Diffusion in the pure elastic medium
In order to validate the FEniCS implemented model, a rectangular domain with a circular hole with aspect ratio (L/r) = 10 & 20, where L is the length of the domain and r is the radius of the hole, is considered. The initial and the boundary conditions for the system are ∀ t > 0,
where p is the uni-axial tensile load of 100 MPa magnitude. The boundary of the domain is assumed insulated such that species can not leave the system. The effect of plasticity is neglected and material is assumed to be perfectly elastic for comparison. The material properties of the specimen is tabulated in the Table 2 . Figure 2a . The maximum hydrostatic stress is at β = π/2 whereas the minimum hydrostatic stress is at β = 0. The distribution of the concentration species follows the distribution of the hydrostatic stress. The tensile sites are capable of holding more diffusion species than the compressive sites and hence the concentration at the tensile sites is more, which is evident from the Figure 2b .
x/r from centre of the hole Now, Figure 3 compares the concentration of species along the line at β = 0 and β = π/2. The concentration level shows a decent match with the analytical model for both along the line at β = 0 and β = π/2. Moreover, The concentration increases as the distance from the compressed region increases as shown in Figure 3a and decreases as the distance from the tensile region increases as shown in Figure 3b . Hence singularity level at the localized sites plays a critical role on the concentration build up.
Effect of plastic yielding on the concentration
We assume a plane strain plate with an elastoplastic medium is subjected to the same boundary conditions as presented in the Section 4.1.1. Figure 4 shows the hydrostatic stress and the concentration around the hole. The plastic yielding reduces the magnitude of the hydrostatic stress at the compressive as well as the tensile states as shown in Figure 4a .
Angle in radians The distribution of the concentration species follows the distribution of the hydrostatic stress which has less magnitude than the pure elastic medium at the tensile as well as the compressive sites. The reduced magnitude of tensile stress pulls lesser concentration of diffusing species from the surroundings and the reduced magnitude of compressive stress pushes through lesser concentration species to the surrounding and hence species concentration at the tensile sites is less and more in the compressive sites in elasto-plastic medium than purely elastic medium as shown in Figure 4b . Figure 5 shows the distribution of the concentration along line β = 0 and β = π/2 with and without plasticity effect. The concentration level increases as the distance from the singular region increases for elastic as well as elasto-plastic medium for the line β = 0. The line β = 0 is in compressive zone and hence the concentration level is more for the elasto-plastic medium than pure elastic medium as shown in Figure 5a . The concentration level along β = π/2 decreases for both elastic as well as elastoplastic medium as the distance from the singular region increases but the magnitude of the concentration level is less for the elastoplastic medium as region β = π/2 is in tensile state of stress as shown Figure 5b .
The introduction of the diffusing species in or out of the media affects the magnitude and evolution of the plastic yielding at tensile and compressive region respectively. Figure 6 shows the equivalent plastic strain at normalized time 0.7 along β = 0, π/4 and π/2. The line along β = 0 starts with the compressive zone which implies a reduction of concentration of diffusive species which reduces the stress concentration and hence shows lesser plastic yielding. The line along β = 0 starts with the compressive zone which implies a accumulation of concentration of diffusive species which increases the tensile stress and hence shows higher plastic yielding. Away from the singularity the effect of plastic yielding decreases with distance.
Normalised distance from centre [7 r] Before analyzing the problem in detail, we have verified our FEniCS implementation with Abaqus. In Abaqus, we have used coupled-thermal analysis which is one-way coupled analysis in our context. The analysis is performed for the elastoplastic material. Figure 7 shows the concentration at points A and B with respect to the normalized time for one-way coupled problem. The point A is nearer than the point B from the left boundary and hence the concentration is higher at point A at any point of time. However, both points reaches steady state concentration level at the end of the simulation which is consistent with the work of Natarajan et. al., [42] . This is due to the fact that the effect of stresses in not considered in one-way coupling. Our implementation results shows excellent agreement with the Abaqus results, see Figure 7 . Figure 8 also compares the hydrostatic stress evolution at points A and B with respect to the normalized time. The implemented model is able to capture tensile to compressive state at point A and compressive to tensile state at point B which is also evident from the Abaqus results. In order to illustrate the effect of plasticity on the stress-diffusion interactions, we compare the results of pure elastic and elastoplastic material and two-way coupled model. Figure 9 shows the hydrostatic stress evolution at different points as a function of normalized time for pure elastic as well as elastoplastic material. The state of stress at a point A is initially tensile but changes to compressive due to continuous pulling and concentration evolution in the domain. Moreover, the state of stress changes from compressive to tensile at point B. The plastic yielding significantly reduces the stress level in the tensile site (point B) and makes it less compressive in the compressive site (point A). The level of concentration in the domain depends on the gradient of concentration as well as the localized state of stress. Tensile sites are capable to hold more concentration whereas compressed sites tries to push the concentration to near by sites. Figure 10a shows the concentration evolution at the point A. Initially the state of stress at this point is tensile and gradient of concentration is also present, the concentration of species increases with respect to time. But as the state of stress changes from tensile to compressive (at normalized time 0.3 please refer Figure 9a ), the point A is no longer able to take/hold the concentration of the species and hence magnitude of concentration of the species starts decreasing. However in an elastoplastic medium the compressive stress is reduced due to plastic yielding which reflects on the higher concentration compared to pure-elastic medium. In contrast at point B, the level of concentration increases monotonically as shown in Figure 10b . The initial increase in the concentration level is due to the gradient of the concentration and later gradient of hydrostatic term predominates which is responsible for the increase of concentration level. Once again, however we notice that the tensile stress reduction due to plastic yielding reduces concentration of the diffusing species at point B in an elastoplastic medium. Hence it can be concluded that the plastic yielding in the system plays a critical role in determining the steady state behaviour. 11 and 12 shows the plastic strain evolution for one-way and two-way coupled system at different normalized time. In the two-way coupled system, there is a local stress relaxation (analogous to expansion due to temperature rise [42] ) and therefore, it leads to a lower stress concentration around the singularity. The equivalent plastic strain due to tension around the hole is lesser in case of two-way coupled system than the one-way coupled system, see Figures 11 and 12 . This provides evidence of the reduced tensile stress concentration and the concentration of the species due to the relaxation effect in case of two-way coupled system. one-way coupled system two-way coupled system
(e) (f) Figure 13 : Plate with hole: concentration contour at normalized time (a) 0.3 (b) 0.4 and 0.7 for one-way and two-way coupled system. Figure 13 compares the concentration contour of one-way and two-way coupled system at different normalized time.
The asymmetry of the concentration in the case of one-way coupling is only due to the hole present in the system, see Figures 13a,13c and 13e . Whereas the asymmetry of the concentration is due to both hole and the stresses, see Figures 13b, 13d and 13f . In the case of Two-way coupling, the location of the concentration build up is not the same as compared to the one way coupling. Although the point A is nearer to the point B from the left edge, the concentration build up is more at the point B. This observation is opposite to our earlier observation in one-way coupling. The main reason behind the different build up profile is due to stress induced diffusion effect in the case of two-way coupling. Hence in studying the stress diffusion interactions consideration of the effect of stresses on the singularities is mandatory. The effect is more dominant if the high stress gradient present in the domain as in case of stress singularities due to discontinuities.
Analysis of boundary value problem b, see Figure 1b
In the recent times, hollow nano-anode structures have attracted attention because of their extra space to accommodate the volume expansion/contraction due to charge and discharge and hence increases the cyclic performance. We attempt to understand the influence a void in a particle on the chemo-mechanical behaviour for elasto-plastic material. Due to the incoming flux (charging operation) on the boundary, the outer surface of the particle undergoes compression and the inner surface of the particle undergo tension, see Figures 14 and 15 . From our earlier observation these stresses consequently affects the diffusion process for the two-way coupled system. At the outer radius(compressive region) the two-way coupled system shows lesser concentration of diffusive species as compared to the one-way coupled system whereas at the inner radius (tensile region) the two-way coupled system shows higher concentration as compared to the one-way coupled system, as shown in Figures 16 and 17 . The stress in elastoplastic medium is lowered than in pure elastic medium due to plastic yielding. The plastic yielding lowers the tensile stress at the inner radius (tensile region) and hence causes an outflux leading to a decrease in concentration compared to pure elastic media, see Figure 17 . The inverse effect occurs at the outer radius (compressive region), where a reduction in compressive stress due to plastic yielding causes an influx of diffusing species leading to an increase in concentration, see Figure 16 . Two-way -outer radius Two-way -inner radius One-way -outer radius One-way -inner radius (b) Figure 19 : Plastic strain at outer and inner radius (a) without void (b) with void When comparing the concentration in one-way coupled model with and without plasticity as shown in Figures 16 and  17 , we see negligible difference because the stress field does not influence the diffusion process in that case. We also note that the compressive stress (at the outer radius) in case of two-way coupled system is more than the one-way coupled system and the tensile stress (at the inner radius) is less in case of two-way coupled system is more than the one-way coupled system, as shown in Figures 14 and 15 . This is due to the stress-relaxation effect caused by flux of diffusing species out of the compressive region and into the tensile region respectively as discussed in the previous section. The plastic yielding reduces the overall singularity in stress due to compression and tension in both one-way and two-way coupled systems. However due to the stress-relaxation effect in two-way coupled system we see (in figure 19) higher plastic yielding at the outer radius and lower plastic yielding at the inner radius for two-way coupled system when compared to one-way coupled system. From the concentration contour plots as shown in Figures 20, 21 22, 23,  concentration is lesser at the outer radius and more at the inner radius in case of the two-way coupled system when compared to one-way system which further illustrates the stress-relaxation effect in two-way system. Along with this, Figure 18 gives us a qualitative understanding about the effect of induced stress on diffusion. We observe that due to a high gradient in concentration at the outer radius, the hydrostatic stress and its gradient is also high. As we move closer to the centre the concentration gradient reduces, leading to a smaller/no gradient in the hydrostatic stress. This is similar to effect observed by Swaminathan et. al., [60] .
In order to illustrate the influence of discontinuities, we introduce a void in the particle model. We observe that introduction of the void in the coupled diffusion-deformation process increases the compressive stress at the outer radius (see, Figure 14 ) and the tensile stress at the inner radius, see Figure 15 . This consequently reflects on the plastic yielding and affects the diffusion process and vice versa, see Figure 19 . At the outer radius (compressive region) the two-way coupled system shows a reduction in the concentration due to an increase in compressive stress (see, Figure 16 ). At the inner radius (tensile region) the two-way coupled system shows an increase in concentration due to an increase in compressive stress (see, Figure 17 ). The effect of discontinuity on the concentration is negligible in one-way coupled model as expected because the stress does not influence the diffusion process. The concentration contour plots (see, Figures 20, 21 22, 23) further provide evidence to illustrate this effect. 
Concluding remarks
In this paper, the effect of stress diffusion interactions in an elasto-plastic material with/without discontinuity using a coupled chemo-mechanics system has been investigated. Moreover, the effect of the fully coupled system over the oneway coupled system is studied systematically for the general framework of the species diffusion in the solid (hydrogen diffusion in steel as well as Li ion diffusion the LIBs). The concentration buildup in the one-way coupled system only depends on the distance from the source where as in two-way coupling the concentration build up depends not only on the distance but the local state of the stress. Study reveals also that the state of stress in the domain is the determining factor in studying the chemo-mechanics system and may change the concentration buildup point (depends on tensile and compressive site). The plastic yielding at the tensile sites reduces the local diffusion species and same affects in reverse for the compressive sites. Moreover, the discontinuities in the domain severely affects the stress-diffusion interactions.
Appendix A: non-dimensionalization of equations
Consider the balance of diffusion species Eqn. (1a),
The Equation (20) is non-dimensionalized by assuming a new set of dimensionless variables for space (L * ), time (t * ), concentration (c * ) and the hydrostatic stress (σ * h ) :
Now, using the chain rule and substituting new variables in terms of (· * ) in Eqn. (20) one can get,
Now multiply t * in Eqn. (22) ,
On assuming, c * = 1, Dt * L * 2 = 1, Ωσ h RT = 1 and upon back substitution in Eqn. (21) we gett = t l 2 D ,ĉ = c cmax , σ h = σ h RT Ω . Hence, non-dimensionalized equation is given as, ∂ĉ ∂t − ∇xĉ +ĉ∇xσ h = 0.
Appendix B: incremental equations for numerical scheme
In this appendix we see the numerical procedure for coupled deformation-diffusion using a Kinematic hardening model. Kinematic hardening model uses a back stress, β ij , which results in a dependence on loading in the hardening model.
The yield condition in case of Kinematic hardening can rewritten as:
where S ij = σ ij − 1 3 σ kk δ ij is the deviatoric stress. We aim at modelling the back stress, β ij . We use a linear hardening model governed by:β ij = hε p ij (26) where h is the hardening constant. Using the associated flow rule,
Making use of the consistency condition,
In order to eliminate the rate of stress, we use again Hookes law, 
In order to implement the constitutive equation, time discretization is used,
σ ij = σ 0 ij + ∆tσ ij ; β ij = β 0 ij + ∆tβ ij (37) 
